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Abstract. A map BK(¥ P ) — > BK from the classifying space of the discrete 
Kac-Moody group over the algebraic closure of the field with p elements to the 
classifying space of a complex topological Kac-Moody group is constructed. 
This map induces a F q -homology isomorphism for all primes q ^ p and gen- 
eralizes a map for Lie group classifying spaces constructed in 1221 . As an 
application, unstable Adams operations, ip k , for general Kac-Moody groups 
are constructed which are compatible with the Frobenius. Interestingly, ho- 
motopy fixed points BK h ^ do not agree with BK(F pk ) upon localization 
with respect to F 9 -homology. These results rely on new homotopy decompo- 
sitions for certain infinite "unipotent" subgroups of K(R) in terms of finite 
dimensional unipotent groups. 
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1. Introduction 

This paper studies Kac-Moody groups, a generalization of Lie groups though 
typically infinite dimensional in nature, by using homotopy theory. More specif- 
ically, the classifying spaces of Kac-Moody groups and important subgroups are 
investigated and in this sense, this is a paper in homotopical Kac-Moody group 
theory. Homotopical group theory (c.f. [57]) simply means to study groups via 
their classifying spaces. We will be primarily concerned with discrete Kac-Moody 
groups over finite fields ¥ p k or their algebraic closure F p and topological Kac-Moody 
groups over the complex numbers. 

Topological Kac-Moody groups provide interesting and tractable examples of 
"infinite dimensional Lie groups." An array of new techniques have been devel- 
oped to study their algebra, geometry, topology, and representation theory (c.f. 
[2l3H3"Tll3"6"ll37| '). Parallels to the Lie groups abound including the relevance of Kac- 
Moody groups to topics across the mathematical spectrum from combinatorics to 
mathematical physics. Kumar [35] provides a well- written, comprehensive and mod- 
ern account of this material. 

Discrete Kac-Moody groups over ¥ p k or ¥ p have a more algebraic and number 
theoretic character. For instance, G(¥ p k [t, t^ 1 ]) for G a semi-simple algebraic group 
of Lie type provides examples arithmetic groups that are affine Kac-Moody groups 
over ¥ p k . Remy [42] argues that discrete Kac-Moody groups over finite fields should 
be considered generalizations of certain S'-arithmetic groups. Moreover, discrete 
Kac-Moody groups over finite fields are finitely generated and provide an important 
source of examples (c.f. [T5]). 

The study of the classifying spaces of Kac-Moody groups began in Kitchloo's 
thesis [33] and continues with an eye toward connections to p-compact groups (c.f 
[ME[I1[35]). There has also been an outgrowth (c.f. [9][ini[ia[Ml[25l|42] ) , more 
or less starting from [35], of geometric group theory that directly applies to dis- 
crete Kac-Moody groups. This paper is inspired by techniques from both bodies 
of literature and attempts to be friendly to all users. Methods tend toward the 
abstract and rely on functorial combinatorics, in the spirit of [3Q1U7J. We hope this 
presentation evokes a feeling of intimacy with the combinatorial group theory roots 
of geometric group theory and the combinatorial underpinnings of spaces modeled 
on CW-complexes. 

1.1. Summary of results. Over the complex numbers, topological Kac-Moody 
groups are constructed by integrating, typically infinite dimensional, Kac-Moody 
Lie algebras [5S] . Kac-Moody Lie algebras are defined via generators and relations 
encoded in a generalized Cartan matrix defined as a square integral matrix 
A = (ciij)i<i.j< n such that an = 2, a,j < and a^ = •<=> aji = [36 . Discrete 
Kac-Moody groups can be constructed in a manner analogous to Chevalley groups 
via a generalization of the Steinberg presentation. Tits |46] constructs a (minimal, 
split) Kac-Moody group functor, K(R), from the category of commutative rings 
with unit to the category of groups that is the unique such functor when restricted 
to fields. Unless otherwise stated, when we say Kac-Moody group we mean some 
image of such a functor or the corresponding minimal topological group |30j whose 
underlying abstract group is K(C) and A will denote the associated generalized 
Cartan matrix. 

Kac-Moody groups have a standard maximal torus T of rank 2n — rank(A) 
common to standard parabolic subgroups indexed by subsets of {1, 2, . . . n}. Each 
parabolic subgroup has a semi-direct product decomposition Pj = Gj K C/j. These 
G\ are called Levi component subgroups. If Gi is finite dimensional, then it is 
reductive of Lie type and we say /, G/, Ui and Pi have finite type. The structure 
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of a .B TV-pair (see 12.21 12. 8p yields a homotopy decomposition for a Kac-Moody 
group K in terms of parabolic subgroups 

(1) hocolim 7eS SPr BK 

where S is the poset of subsets of {1, 2, ... n} of finite type ordered by inclusion. Fi- 
nite type Ui are known to be contractible in the complex topological case [3B]. The 
semi-direct product decomposition and (fTJ) imply that inclusion of the Levi com- 
ponent subgroups induces a homotopy decomposition for topological Kac-Moody 
group classifying spaces 

(2) hocolim /eS SG/ BK 

where Gj are reductive, Lie, Levi component subgroups, c.f. [33-35 . This decom- 
position has been one of the fundamental tools for the study BK using homotopy 
theory 0HUBH311- 

In contrast, finite type Ui(¥ p k) are far from being contractible (see 14.31) . but we 
show that all Uj can be presented in terms finite dimensional unipotent groups. 

Theorem 1. Let U + = U$ be the positive "unipotent" subgroup of a discrete Kac- 
Moody group whose Weyl group is viewed as a poset W with respect to the weak 
Bruhat order llCtjl . Then, the canonical map induced by inclusion of subgroups 

(3) hocolimwBUw — > BU + 

induces a homotopy equivalence where U v U5\) are finite dimensional unipotent 
algebraic subgroups. More generally, hocolirrifj+^BUui^ — > BU^ where Uf -W 
is a poset with a contractible geometric realization and these Ur^ w -\ are unipotent. 

The proof relies on the combinatorics of the RGD system (see 12. 3p associated 
to a Kac-Moody. This theoretical framework is natural w.r.t. the construction 
of Tits [15] and applies to many variants Kac-Moody groups as well (c.f [HUH] for 
discussion). Note that Q induces a known [TUTU] colimit presentation colim^EAu = 
U + conjectured by Kac and Petersen [3D]- However, the induced (see Remark [2] 
in 12.71) colimit presentations corresponding to I ^ are new. Theorem [TJ will 
be shown by using alternative homotopy decompositions indexed over posets with 
finite chains given in Lemma [2] 

A key technical point, which should be of independent interest, relates diagrams 
over the poset W with certain diagrams over the poset Ws fsee l2.6[i which underlies 
the Davis complex [T2] of a Coxeter group. 

Theorem 2. For any Coxeter group W, the longest element functor L : Ws — > W 
pullbacks homotopy colimits, i.e the natural map hocolim-w s DL — > hocolimyjD is 
a weak homotopy equivalence for any diagram of spaces D : W — > Spaces. 

This immediately implies that the Davis complex is contractible since the poset 
W has the identity of W as its initial object. When W ^ (Z/2Z)*", Theorem H 
lets us replace a diagram over an infinite depth tree (W) with a canonical diagram 
over depth one tree (Wg) obtained via barycentric subdivision. Theorem [5] allows 
this procedure to be extended to posets indexed by more general Coxeter groups. 

Theorem [TJ and the fact that unipotent algebraic groups over fields of character- 
istic p have trivial F 9 -homology lead to the following. 

Theorem 3. Let K be a topological (minimal, split) complex Kac-Moody group and 
K(¥ p ) be the image of Tits's Kac-Moody group functor, K(-), such that K = K(C) 
(properly topologized) . There exists a map BK(¥ p ) — > BK that induces a ¥ q - 
homology isomorphism for any prime q ^ p so that localizing with respect to ¥ q - 
homology gives a homotopy equivalence 

(4) BK{¥ p f q ^ (BKg). 
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For Lie groups, this result was proved by Friedlander and Mislin [35]. For reduc- 
tive Lie groups and ip k the fc-th power of the Frobenius map on F p , the self- map 
B(G(ip k )) q on BG(F p )J is the p fe -th unstable Adams operation, cf) k , on BG q , up 

to homotopy. Moreover, homotopy fixed points (BG q ) h ^ k ~ BG(¥ p )^ hv coincide 

with ordinary fixed points BG(F pk )J ~ (BG(¥ p )^) vk [21j[22]. 

Specifically, we can summarize this theory for the Lie case in the following the- 
orem. 

Theorem A ([21,22 ). Let G be a complex reductive Lie group and G(¥ p k) be of 
the same type. Then, there is a map 

(5) BG{¥ P ) BG 

inducing a ¥ q -homology isomorphism for any prime q ^ p. The homotopy commu- 
tative diagram 

(6) BGq — > BGg 



BG(F P )$ B -^BG(W P )$ 

where ip k is the p k -th unstable Adams operation on the classifying space of G and 
tp k := (— ) p is the k th Frobenius recovers a homotopy equivalence 

(7) BG(¥ pk )^(BG^ k . 



This work began to investigate the possibility of extending the fact that (BG q ) h ^ ~ 
BG(¥ p k) q to Kac-Moody groups. In order to even approach this question, we need 
a notion of p fc -th unstable Adams operation. In fj], such maps are constructed 
for rank 2 Kac-Moody groups. We use Theorem [3] to construct them for arbitrary 
Kac-Moody groups. 

Theorem 4. Let K be a topological Kac-Moody group over C with standard Levi 
components Gi and Weyl group W . Then there are p k -th q-local unstable Adams 
operations "0 fc : BK q ^BK q for any prime q ^ p compatible with thep k -th unstable 
Adams operations, ip k , on the finite type Levi component classifying spaces. If 
there is no element of order p in W , these local unstable Adams operations can be 
assembled into a global unstable Adams operation ip k : BK^tBK . 

This definition of lets us consider (BK q ) h '^ for K a Kac-Moody group. Recent 
work by Kishimoto and Kono [32] facilitates the determination the induced maps 
on cohomology for the Levi component homotopy fixed point spaces. By computing 
in rank 2, we provide many examples when (BK^) h ^ and BK(¥ p k) q have distinct 
homotopy types in sharp contrast to the Lie case. 

Theorem 5. For K a rank 2, infinite dimensional complex Kac-Moody group and 
q an odd prime distinct from p, H*((BK£) h ^" ,¥ q ) = H*(BK(¥ pk )^ , ¥ q ) if and 
only if they both vanish. 

Remark 1. The distinction between (BK q ) h ^ and BK(¥ p k) q is noted by Aguade 
and Ruiz in [S] where rank two Kac-Moody groups are studied. Their work occurred 
independently and uses algebraic group cohomology calculations for fully compute 
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H*(BK(¥ p k), W q ) in many cases. Here Theorem\5\is observed through cohomology 
calculations with compact Lie group classifying spaces and non-trivial calculations 
of H*(BK(¥ p k),¥q) are not attempted. 

1.2. Organization of the paper. Section [5] overviews background material from 
geometric group theory and methods to manipulate homotopy colimits diagram- 
matically we need in later arguments. This leads to a proof of Theorem [5] (I3.1[) 
and a reduction of Theorem [T] to the more naturally proved Lemmas [2] and [3] (|3.2I) . 
We return to the Kac-Moody case in 13.31 which details applications to Kac-Moody 
groups over a fields of characteristic p obtained upon localization at a prime q ^ p, 
including Theorem [31 These results are employed in 13.41 to define unstable Adams 
operations for general Kac-Moody groups. Section 0] proves Theorem[5]and outlines 
explicit calculations of the group cohomology of U + (¥ p k) < K(¥ p k) at p in specific 
cases where the Weyl group is a free product. 

Acknowledgements. The results of this paper come from the author's thesis 
[2"0] . We are most grateful to Nitu Kitchloo who advised this thesis, introduced 
the author to Kac-Moody groups, and suggested looking for a generalization of 
Theorem El We are also indebted to peers with whom we discussed this work, 
especially Ben Hummon, Joel Dodge and Peter Overholser. As noted in Remark [TJ 
some of the results of this paper where proved independently in rank two cases [5] 
and we attempt to make these connections clear. Finally, we are thankful for the 
support of the Danish National Research Foundation (DNRF) through the Centre 
for Symmetry and Deformation during the final preparation of this paper. 

2. Combinatorial tool kit 

Like Lie groups, Kac-Moody groups have (typically infinite) Weyl groups that 
underlie combinatorial structures on subgroups including BA'-pairs and root group 
data. In l2.Hl2~51 the aspects of these structures we will employ are assembled. We 
will also collect tools for manipulating homotopy colimits (I2.41l2.6p which relate 
to colimit presentations of groups via Seifert-van Kampen theory (|2.7[) . With a 
homotopy theoretic framework in place, 12.81 quickly reviews two known homotopy 
decompositions associated to Coxeter groups and i?A-pairs. 

2.1. Coxeter groups. Because of their role in BiV-pairs and RGD systems, the 
structure of Coxeter groups will be important to the arguments here. For our 
purposes, a Coxeter group will be a finitely generated group with a presentation 

(8) (s 1 ,s 2 ,...s n \s 2 i =l,(s i s j ) m v =1) 

for 1 < i,j < n and fixed 2 < my = rriji < oo with my = oo specifying a vacuous 
relation. For example, the presentation the Weyl group of a Kac-Moody group is 
determined by its generalized Cartan matrix A = {cL%j)i<i j< n > i- e - 
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for all i ^ j. The solution to the word problem for Coxeter groups gives us a 
detailed picture of W. 

Theorem B ( 1 ]). Let W be a Coxter group. For any words v and w in letters 
Si, s 2 , . . . s„ 
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• A word w is reduced in W if and only if it cannot be shortened by a finite 
sequence of SiSi deletions and replacing of the length rriij < oo alternating 
words SiSj ... by SjSi . . . or vice versa. 

• Reduced words v and w are equal in W if and only if v transforms into w 
via a finite sequence of length rriij < oo alternating word by replacements 
as describe above. 

Thus, every element of a Coxeter group has a well-defined reduced word length. 
This provides a poset structure on W, called the weak Bruhat order, defined as 

(10) v < w w = vx and l(w) — l(v) + l(x) 

where x,v,w € W and l{y) is the reduced word length of y. This poset will be 
important to us because it dictates the intersection pattern of the subgroups U w 
([IS]) of a group with RGD (see [231). 

For any ICS define Wi := ({s/}; e /cs}- For all I in the poset 



ordered by inclusion wWi has a unique longest word wi. We call / £ S and their 
associated Wj finite type. This notion coincides with with our definition on finite 
type subsets JC{1, 2, . . .n} associated to a Kac-Moody group. Specifically, the 
submatrix Aj := {a,ij)i,jej of A determines a Weyl group Wj group for Pj and 
Gj via ([!]) and Gj is of Lie type exactly when \Wj\ < oo [55] , We emphasize in 
particular that K = G{i.2,...n} is of Lie type if and only if its Weyl group given by 
© is finite. 

2.2. i? TV-pairs. Here we follow Buildings [T]. 

Definition 1. A group G is a BN-pair if it has data (G, B, N, S) where B and N 
are distinguished normal subgroups that together generate G. Furthermore, T :— 
B n N < N and W := N/T is generated by S so that for s £ s £ S and w € w G W: 

BN1: sBw C BswB U BwB 

BN2: sBs- 1 <£ B . 

Note that the above sets are well-defined as B > T < N. It is common in the 
literature, and will be common in this paper, to drop the bars and avoid reference 
to particular representatives of elements of W. For Kac-Moody groups, T is the 
maximal torus, N is the normalizer of T, 15*1 is the size of the generalized Cartan 
matrix and B is the standard Borel subgroup defined analogously to the Lie case. 
In line with 12 .11 we will further require that S is a finite set. 

Important properties of £?iV-pairs include that W is a Coxeter group and G 
admits a Bruhat decomposition 



so that all subgroups of G containing B are of the form Pj = \J weW BwB where 
ICS and Wi is generated by /. These subgroups are called standard parabolic 
subgroups and inherit the the structure of a i? TV-pair with data (Pi,B,NnPi,I) 
and Weyl group Wj. The B TV-pair axioms then lead [33] to generalized Bruhat 
decompositions 



(11) 



S := {ICS\\Wi\ < oo} 



G = LI BwB 



(12) 



G = 



LI PjwPi - 



wGWj\W/W! 
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2.3. Groups with root group data. Much of the work in this paper could be 
adapted to refined Tits systems [30] but we prefer to work with root group data 
(RGD) systems. Notably the framework of RGD systems has been used to prove 
[Tl [TO] the colimit presentation induced by Theorem [TJ (see Remark [21 in 12.7)) which 
was conjectured by Kac and Petersen in [30] . 

Briefly, a RGD system for a group G is a given by a tuple (G, {U a } ae <j>, T) for $ 
associated to a Coxeter system (W, S). The elements of the set $ are called roots 
and U a are nontrivial subgroups of G known as root subgroups. The RGD sub- 
groups generate G, i.e. G = (T, {U a } ae <j>). In the case of Tits's Kac-Moody group 
functor, U a are isomorphic to the base ring as a group under addition and T is the 
standard maximal torus isomorphic to a finite direct product of the multiplicative 
group of units of the base ring. As the complete definition is somewhat involved 
and the arguments here can be followed with the Kac-Moody example in mind, 
we refer the reader to [TJ for the standard definition of a RGD system and further 
details on the contents of this subsection but note that [TO] provides an alternative 
formulation. 

The RGD structure regulates the conjugation action of W on U a . In particular, $ 
has a VF-action and is the union of the orbits of the simple roots, on, corresponding 
to the elements, Si, of S. For n £ w G W 

In the Kac-Moody case, <I> = W{ai}i<i< n C\ J2i<i< n with the VF-action given 
by 

k 

(13) Sj(^2 / n i ai)= ^2 n i a l -(n :j + ^ ma^aj. 

i=l i<i^j<fc i<«/i<fc 

where ay are entries in the generalized Cartan matrix. 

The set of roots 4> is divided into positive and negative roots so that $ = 
<I>~ \\ <f> + which in the Kac-Moody case corresponds to the subsets of $ with all 
negative or all positive coefficients. Define 

(14) U* = (U a ;a E $ ± ). 

The group G carries the structure of a B TV-pair for either choice of B — TU^ and 
N the normalizer of T. There are also well-defined 

(15) U w = (U ail ,U Sii<Xi2 ,...U Sii ... Sih _ iaik ) 

where W :— {a^^a^, . . . ^ws^a^} = <I> + PI is well-defined for any reduced 

expression for w — . . . Si k . Moreover, the multiplication map 

(16) U aii x U Sii a i2 X ... x U WSi ai 5- U w 

is an isomorphism of sets for any choice of reduced expression for w = . . . Si k . 
For any index set A 

(17) C\U w = U infw{A] 

A 

where the greatest lower bound is taken with respect to the weak Bruhat order 

For a group with RGD, there is a symmetry between the positive and negative 
roots, as in the Kac-Moody case. In particular, there is another RGD system for G, 
(G, {J7 q }q, 6 _$, T), with the positive and negative root groups interchanged. This 
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induces a twin i? TV-pair structure on G which guarantees a Birkhoff decompos- 
tion 



G j [ B+wB- 



which when combined with the Bruhat decomposition for Pj (fT2]) and the fact that 
B = U + T easily leads to a generalized Birkhoff decomposition 

(18) G= Jl U+wPj 

wWjGW/Wj 

where U + wPj = W. v£wWj U + wB~ (see [20] for details). Using the standard RGD 
axioms, this symmetry between positive and negative is somewhat subtle. Known 
proofs employ covering space theory [TUTU] • 

The loc. cit. covering homeomorphisms imply for n G w G W 

(19) C/ ± n nU T 7i- 1 = U ± f] wB^ur 1 = U± 

where U+ := U w and U~ = (l/- Q<1 , U-« h Q<2 , . . . U-„ h ... 84)i _ i Q , k )■ More generally 
(see Lemma [TJ, for all J G S ([TTJ 

(20) u ± n wPjw- 1 = u± r 

where wj is the longest word in wWj. 

The groups U w also provide improved Bruhat decompositions because 

B ± wB ± = U±wB ± 

where expression on the left hand side factors uniquely for a fixed choice of w G 
nT G W, c.f. [U Lemma 8.52], i.e. 

(21) G = [] = II U-wB- 

so that all g € G factor uniquely as g — uwb where u G U^j, b G B and w is an 
element in any fixed choice of coset representatives. Parabolic subgroups inherit 
similar expressions. 

As previously mentioned, all groups with RGD have the structure of a twin 
B TV-pair. This structure can be used to define Levi component subgroups 

(22) G / = PfnP / +. 

The Gi inherit a root group data structure (Gj, {C/ Q } Qe $ 7 , T) where <&/ :— {a G 
$|f/ Q nGj^ {e}}. 

When / has finite type [10] . this leads to the semi-direct product decomposition 

(23) = Gj k Uf 
known as the Levi decomposition with 

G I = (T,Uf,Uf) 

for Iff = U ± Pi G/. Most of our principal applications will only require (l2li|) for 
finite type /. For Kac-Moody groups, (|2"3"|) holds for all /. See [TUJ for further 
discussion of when this decomposition is known to exist for general RGD systems. 

We close the subsection with a simple but important lemma used in the proof of 
Theorem [TJ 

Lemma 1. For PJ of finite type 

(24) U wP - = U WJ 
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where U wP - is the stabilizer of {wPj} under the left multiplication action of U + 
on G I PJ , wj is the longest word in wWj , and U w is defined in h!5)) . 

Proof: Note that uwPJ — wPJ and u e U + if and only if u € wPJw^ 1 n U + . 
Recall (|2"T|) the (improved) Bruhat decomposition for PJ 

(25) PJ = ]J UjvB-. 

vEWj 

We compute 

wPJw^ 1 = wjPJwj^ 1 = wjUJvB^wj^ 1 

veWj 

(26) = (J (wjUJwj-^wjvB-wj- 1 . 

As (wjUjwj~ 1 )CU + for all v 6 Wj we have 

wjUJvB^wj^ 1 n U + = wjvB^w.r 1 (~1 U + . 
Each wjvB~wj~ 1 D U + isomorphic as a set to 

(27) tyjU-B" n U + wj C U+wjvB^ n U + wjB~ 
via right multiplication by wj. Together ((25)) and (l27l) imply 

(28) w.jvB-w.r 1 HU + ^9^v = e. 
Combining (|26H28[) we have 



DEffj 

= wjUjeB-wj- 1 n L/ + 

= w , 7 B- w , / - 1 nc/ + = c/^ ;B -. 

Now, (wjB^wj^ 1 DU + ) = U WjB - is known to be U WJ ([!§)) via covering arguments 
that appear independently in [1. and [lOj . □ 

2.4. Pulling back homotopy colimits. If F : J — > I is a fixed functor, then 
we say F pulls back homotopy colimits if for any diagram of spaces D : I — >• 
Spaces the natural map 

hocolimjDi 7, — hocohm F — ^ hocolimiD 

is a weak homotopy equivalence. We will use Theorem [6] (see Section l2~5j) to pull- 
back homotopy colimits over appropriate functors by assembling pullbacks over 
subcategories. For such a functor and any i e I define the category i I F as having 
objects 

Objects(ilF) = {(i -> i',j')\F(f) =i',i->i' € Hotoi} 
and morphisms 

Hom iiF ((i -4 (« «2)J2)) 

= {(»i ^ *a, Ji A i 2 |F(% = / e ffomi, ft e #omj)}, 



10 



J. D. FOLEY 



i.e. morphisms are pairs of vertical arrow that fit into the following diagram 




F{h) 



F(f 2 ) f- 



When F is the identity on I, we use the notation i J, I and this definition reduces 
to that of an under category. 

Theorem C ([TTJUH])- Let D : I — >• Spaces be a diagram of spaces and F : J — > J 
be a fixed functor, then the following are equivalent: 

• for all D the canonical hocolimjDF — 5- hocolimjD is a weak equivalence, 

• for all i £ I the geometric realization of i \. F is weakly contractible. 

In the applications of this paper, J and I will be posets so that i \, F = F^ 1 (i \. I). 

2.5. Homotopy colimits over subdiagrams. At various times in this paper, 
we will wish to represent homotopy colimit presentations of a space in terms of 
homotopy colimits over subdiagrams of the main diagram. This subsection will 
present tools to do this. 

An explicit model for the homotopy colimit of a small diagram D : C — > Top of 
(topological) spaces hocolimc-D may be given as the union of 



(29) 



LL 



F(c) x A 



where A k is the /c-simplex and the relations correspond to the composition in C [7] . 
We call this the standard model of a homotopy colimit. Define the geometric 
realization or classifying space of a category as |C| ~ hocolimc{*} for {*} the 
one point space. 

We will also define a cover of a category C by subcategories {Ci}j S /. 

Definition 2. A cover of a small category C is a collection of subcategories {Ci}i^i 
such that, taking standard models \29\) , {|Cj|}j E / covers \ C\ V2.5\) . 

We may also choose to enrich a cover by giving I the structure of a poset such 
that i <— > Cj is a (commutative) diagram of inclusions of small categories. Such 
a cover is given as a functor U : I — > SubCat(C) from a poset into the category 
subcategories of C. If there are no repetitions of CVs, then / may be canonically 
given the poset structure induced by inclusion of subcategories. 

We will be interested in the taking homotopy colimits over subdiagrams 

A = D\ Ci : Ci — > Top 
and one of our main computational tools is provided by the following theorem. 

Theorem 6. Let D : C — > Top be a diagram of topological spaces and Lt : I —¥ 
SubCat(C) be a cover {Ci}i^i of C such that 

• _T has all greatest lower bounds and 

• U(mf A {C a }) = n A U(C a ) 

for all index sets A. Then, hocolim^hocolimd D{) and hocolimcD are canonically, 
weakly equivalent. 



By Thomason's Theorem 
following. 



Thcrcom 1.2], Theorem [B] may be reduced to the 
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Proposition 1. Let D : C — > Spaces be a diagram of spaces (e.g. topological 
spaces, CW -complexes, or simplicial sets) and U : I —> SubCat(C) be a cover 
{Ci}i£i of C such that 

• I has all greatest lower bounds and 

• U{mf A {C a }) = n A U(C a ) 

for all index sets A. Then, the canonical projection of the Grothendieck construction 
\31)) of U onto C pulls back homotopy colimits. 

Proof: Recall that the Grothendieck construction of U, which we will denote as 
I x U, is given by 

(30) Objects(I tx U) = {(i,c)\i G Objects(I), c G Objects(Ci)}, 

Homi KU {{i,c), (i',c')) = {(f,g)\f G Homj(i,i'), g G Hom Ci ,(c,c')} 

with composition given by pushing forward along U, i.e. (/ajffa) ° (/i><?i) — 
(/2/I) 92U{gi)). The projection P : I x U — > C maps (i,c) to c. By Theorem 
[Cl it is sufficient to show that \c 4- P\ ~ {*}. Let i(c) be the greatest lower 
bound for all categories in the cover containing c, then c \. P has initial object 
(c^i c,(i(c),c)). D 

Dugger and Isaksen [TB] present a model, up to weak equivalence, of a general 
topological space X in terms of an arbitrary open cover U = {Ui}i^i and finite 
intersections of these Ui. This allows a version of Theorem [5] to verified depending 
only on finite greatest lower bounds, but this version will not be needed here and is 
less natural in the sense that it relies on the standard weak equivalences generating 
the model category structure. 

Now, Theorem \6\ allows the second criterion of Theorem [Cl to be verified locally. 

Proposition 2. Let F : J — > I be a map of posets such that I has all greatest lower 
bounds. If F restricted to the pullback of all closed intervals pull backs homotopy 
colimits, then F pull backs homotopy colimits. 

Proof: A closed interval [11,^2] is defined to be the full subcategory of I with 
object set {i\i\ — > i — > i% G I}. The category i i I is covered by 
and for any finite set of objects A the intersection rv gj 4[i,«'] = [z,infiA]. Since 
covers and intersections pullback over functors, {F^ 1 [i, i']}^^' covers J and is 
closed under intersection. By hypothesis, li 7 ^ 1 ^,^]) ~ {*}. Theorem [6] implies 
\i I F = F~ l (i I I)| and \i i I| have the same weak homotopy type. The result 
follows as i 4- 1 has an initial object, namely the identity on i. □ 

2.6. Transport categories. Transport categories are a specialization of the Grothendieck 
construction [33] for a small diagram of small categories. 

Definition 3. Given a (small) diagram of sets X : C — > Sets, the transport 
category of X , denoted Tr(X) has 

Ob{Tr(X)) = {(c,x c )\ce C,x c eX(c)} 

HomT^ X ){{c,x c ), (c',y c >)) = {/ G Homc{c,c')\X(f)(x c ) = y c >} 

with composition induced by C. 

For any Coxeter group W with S the set of subsets of generators that generate 
finite groups (jlll) . our fundamental example of a transport category is Tr(X) for 
X : S -4 Sets defined via / M> W/Wi. We call this category W s . Explicitly, W s is 
a poset whose elements are finite type cosets and there exists a (unique) morphism 
from wWi to vWj precisely when wWi<ZvWj . Its geometric realization |Ws| is 
the Davis complex |12j . 

We also wish to record a proposition which is a specialization and enrichment of 
Thomason's Theorem [331 Thereom 1.2]. We indicate an explicit proof. 
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Proposition 3. For any diagram of spaces over a transport category D : Tr(X) — > 
Spaces, there is a diagram of spaces D' : C —> Spaces over the underlying category 
such that hocolimTr(X)D and hocolimcD' are canonically weakly equivalent. 

Proof: Let D 1 : C — » Spaces be defined by D'(c) :— hoco\im.x( c )D(c, x c ). We 
have a natural weak equivalence 

hocoliniTr(x)-D' — > hocolimc(hocolinix( c )-D|x(c)) — hocolimc-D' 

which can be observed by inspecting the standard models. More explicitly, if one 
takes standard models the map (|31j) is specified by the universal property of the 
homotopy colimit and the maps 

D(c, x c ) A D(c', y d ) — ► \\ D(c', z d ) 

z c ,ex(c') 

where the second map is the obvious inclusion. □ 
Note that Proposition [3] gives a canonical equivalence between hocolimcA and 
\Tr(X)\. 

2.7. Coset geometry and colimits of groups. Here we will see how homotopy 
colimit calculations in terms of subdiagrams apply to honest colimits. 

Theorem D ([H], Corollary 5.1). Let £):/—>• Spaces, be a diagram of pointed 
connected spaces such that I has an initial object. Then, there is a natural isomor- 
phism TtihocolimzD = colim^iD . 

When D : I — > Groups is diagram of inclusions of subgroups of H, we refer 
to the standard model of the homotopy fibre of hocolimi — > BH given by 
hocolimi H/D(i) as the coset geometry of the cocone. We call the transport 
category (see 12. 6p for the functor i n- H/D(i) the poset form of the coset 
geometry since its geometric realization is canonically equivalent to the coset 
geometry. This represents a mild generalization of a notion of coset geometry 
employed by others, such as Tits [45] and Caprace and Remy [TP] . For instance, 
our notion permits diagrams whose image in the lattice of subgroups is not full and 
our poset is directed in the oppositive direction. 

We can always add the trivial group to any diagram of inclusions of groups in an 
initial position without affecting the colimit of that diagram. Thus, verifying any 
presentation of a group as a colimit of subgroups reduces to homotopy knowledge 
of the coset geometry. An example of this technique gives the following additional 
corollary. 

Corollary 1. Let D : I — > Groups be a diagram of the subgroups of H with 
each map an inclusion of subgroups such that \I\ is simply connected. The canon- 
ical colimjD — > H is an isomorphism if and only if its coset geometry is simply 
connected. 

Proof. We may artificially add an initial object, •, to I and call this new category 
I U •. We can extend D to I U • by sending • to the trivial group. Up to homotopy, 
the space Y := hocolimi u . BD is obtained from X :— hocolimii?!) by coning off 
the subspace Z :— hocolimi {*}, the homotopy colimit base points. Using Theorem 
iDl the fundamental group 7Ti(hocolimi u# _B_D) = colimil?. Thus, colimi agrees with 
7Ti (hocolimi BD) if and only if in the pushout Y ~ X [j z CZ has tti(Z) =0. □ 
Compare fTTJ Lemma 1.3.1] and [2HI §3]. For example, as observed in [TUJ, if 
W is a Coxeter group with S2 the set of subsets of generators of cardinality at 
most 2 that generate finite groups, then the colimit presentation colinis 2 W/ = W, 
which is immediate from the presentation of W ©, implies that the associated 
coset geometry is simply connected. 
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Remark 2. When the conditions for Corollary [7] are satisfied, a homotopy de- 
composition of a classifying space in terms of the classifying spaces of subgroups 
induces a colimit presentation. Though not stated explicitly, the homotopy decom- 
positions of Theorem]]^ Lemma\^ and Corollary^ as well as the known homotopy 
decompositions \3Vh32(l all induce colimit presentations. Of course, a homotopy de- 
composition of a classifying space in terms of the classifying spaces of subgroups is 
a strictly stronger condition characterized by having a contractible coset geometry 
whereas a colimit presentation only requires a simply connected coset geometry. For 
instance, colims 2 Wi = W is induced by a homotopy decomposition of BW only if 
S 2 S. 

2.8. Known homotopy decompositions. For any Coxeter group W with S (fTTj) 
the poset of subsets of generators that generate finite groups 

(31) hocolim /eS SVF/ BW 

is a homotopy equivalence including, trivially, the cases where W is finite. For 
non-trivial decompositions, the associated coset geometry is Davis's version of the 
Coxeter complex, |Ws| 5 which is known to be contractible (c.f. [39]). Theorem[2] 
provides a combinatorial proof. Likewise, for any discrete £?iV-pair the canonical 
map induced by inclusion of subgroups 

(32) hocolim/esSP/ -A- BG 

is a homotopy equivalence including, trivially, the cases where W is finite. Here 
non-trivial decompositions have Davis's version of the Tits building as coset ge- 
ometries. For completeness, we also note that (I5T|) and (|3"2"|) can be deduced from 
the contractibility of the usual Coxeter complex (resp. Tits building) inductively 
because this provides a method to verify (|52"j) for complex topological Kac-Moody 
groups. More specifically, for any topological G, a i? TV-pair with closed parabolic 
subgroups and infinite Weyl group W the canonical map hocolim/ e Ri?Pf — >BG for 
R the set of all proper subsets of the (finite) generating set of W has contractible 
coset geometry |41j . Thus, this map is a weak homotopy equivalence. Because 
parabolic subgroups inherit the structure of a BN-pedi and inductively (on |7|) 
have homotopy decompositions (|32j) in terms of finite type parabolics, Theorem [5] 
may be applied to obtain (|3"2")l for BG whenever all parabolic subgroups are closed. 
Decompositions such for topological BN- pairs are implicit in [33 - 35] . 

We close noting that (|3HI32I) are sharp in the sense that any proper subposet of 
S will not suffice to give a homotopy decomposition. 

3. Main Results 

3.1. The proof of Theorem [2j Our proof of Theorem [5] will inductively pullback 
homotopy colimits over all closed intervals and apply Proposition [2] For instance, 
the following corollary which will be used in 14.31 is immediate from our proof by 
Proposition [21 

Corollary 2. With the definitions of Theorem [H let XCW be a full subposet 
covered by a collection of intervals [v,w], then the longest element map L\ L -i x 
pulls back homotopy colimits. 

We may also extend Theorem[5]to situations where W is the fundamental domain 
of a group action on a poset. We are especially interested in V ■ W which for any 

V < U + is defined to be the F-orbit under left multiplication of W realized as 
the poset of subgroups {U w } w <=w ordered by inclusion within the poset of cosets of 
subgroups of U + . Also define V ■ Ws so that L extends to a F-equivariant functor 

V ■ L : V • Ws — ► V ■ W, i.e. wWj corresponds to U WI . 
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Corollary 3. Let W be realized as the poset of subgroups {U w } w ^w ordered by 
inclusion. Then V ■ L : V ■ Ws — > V ■ W pulls back homotopy colimits for any 
V<U+. 

Proof: Observe that V ■ W is the transport category for X : W — > Sets defined 
by w h-> V/(V n U w ) and V ■ Ws is that transport category for Xs ■ Ws — > Sets 
defined by wWi i— > V/(V H f7 Mj ). As in the proof of Proposition O any fixed 
functor V ■ D : V ■ W — > Spaces is associated to D : W — >• Spaces defined by 
£>(w) := Uy(uj) D(v(V n J7 W )). If V • D is pulled back along V ■ L, then we obtain 
(V ■ D)(V ■ L) : V ■ Ws — > Spaces which is associated to DL : Ws — > Spaces by 
the same procedure. Thus, we have a diagram 

hocoliniy.Ws {V ■ D)(V ■ L) — '—t hocolini\v s DL 

V-L 

hocolimy.w^ ■ D ► hocolimw-D 

that commutes up to homotopy and the horizontal maps arc weak equivalences by 
Proposition [3] Now, by Theorem [2j the right vertical map is a weak equivalence 
and V ■ L pulls back homotopy colimits. □ 
For instance, with a bit of reflection, we see that the functor U + ■ L : U + ■ Ws — > 
U + ■ W directly relates the poset forms of the coset geometries associated to the 
homotopy decompositions of Lemma [5] (appearing below) and Theorem [T] in the 
7 = case. We also note a useful observation. 

Proposition 4. Define w{I) as the longest v £ Wi such that v < w in W. The 
functor Li : W — > W; given by w H- w(L) pulls back homotopy colimits. More- 
over, L\l-i[ w>v ] pulls back homotopy colimits for all intervals and V ■ Li pulls back 
homotopy colimits for all V < U + as in Corollary 

Proof: Note that w 1 Lj = L^ 1 {w{L) i W/) = w(I) I W and to (I) ! W has 
initial object w(L). For closed intervals, Lj 1 ([w,v)) still has initial object w(I). 
The functor V • Lj is defined as in Corollary [3] with respect to the base Wj, i.e. 
W/ is realized as the poset of subgroups {U w } we wi- With this definition, V ■ Lj 
pulls back homotopy colimits for all V < U + as in the proof Corollary [3] □ 
Proof of Theorem [2j By Proposition [2] it is sufficient to show that the geometric 
realization of the poset 

is contractible for all v < w £ W. Define /[t),tt;] to be the maximal chain length 
in [v, w]. Let us proceed by induction on this length. If v = w, then wWi^ is the 
(unique) terminal object of X" =!1J and |X£ =!1J | ~ {*}. 

Fix (v, w) with v < w. We will cover X^, as a category and apply Theorem[6]to 
show that |X^| ~ {*}, inductively. Let us start to define the elements of this cover 
precisely. 

For any w G W, there is a unique greatest L w £ S such that w is longest in 
wWi m . By Theorem [51 I w is precisely the set of all i such that Si is the right most 
letter of some reduced word expression of w. Define Y w to be the full subcategory 
of the poset Ws with 

Objects(Y w ) = {vWj £ W s \vWj < wWi w }. 

Now, X^ is a full subcategory of Ws and 

(33) Objects(X.l)C |J Objects(Y x ) 
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where v < w refers to the weak Bruhat order on W (fTU|) . Because all chains in Ws 
are contained within some Y x , is covered by {Y^ n X^} v < x <. w , as a category 
(see Definition [21 in 1231). 

We now see that is covered as a category by X" for all i £ I w and {X^, n 
Y w } since 

|J Objects(Xl Si ) = |J Objects(Y x nX v WSi ) 
= (J Objects(Y x nX v w ). 

v<x<w 

and X%, is covered by {Y x n X^}^^ by ((33]). 

Remove all empty elements of this cover. In particular, X^ s . is non-empty only 
if v < wsi . Define y to be the shortest element of wWi w . Any (non-empty) element 
of this cover contains the singleton coset {z := sup{u, y}} which exists and is less 
than or equal to w since v < w and y < w. Thus, we can close this cover under 
intersection without introducing empty categories. 

If m < \I W \ + 1 is the number of elements of this cover, we may define U : 
A m +i — > Cat via . . .ik} l— ^ f~l . . . PI U J)t for some enumeration of this cover. 
Here A m+ i is the category of inclusions of facets in the standard m + 1-simplex. 
By Theorem^ hocolim|W| is weakly homotopy equivalent to |X^|. As |A m | ~ {*}, 
it is enough to show that each [U^ n ... PI XJi k | ~ {*} by induction on l[v, to]. In 
fact, we will show that each element of this cover is isomorphic to some X^ with 
Z[fi,i>2] < Z[t>,to] or has a terminal object. 

Case 1: C\ ieICI X^ s .. Any non-empty intersection of X^, s . for i G I w is equal 
to some X v x with x < w because any intersection of intervals [v, wsi] will be some 
interval [v,x] and intersections pullback along functors. Inductively, |X^| ~ {*}. 

Case 2: C\ ieICI X^, Si P\Y w . Any intersection of Y w and at least one non-empty 
X^ s . with i G I w will be equal to X^ n Y w for some x < w. Multiplication by y 
induces an isomorphism of posets 

(34) X%\1 Y w 

for ei m the longest word in Wi m . Now, X x n Y w = X x n Y w for z = sup{u, y} 
and X^ flY K is in bijection with under ([34|) . Observe that l{y~ 1 z,y~ 1 x] — 

l[z,x] < l[v,x] < l[v,w] &sv<z<x<w. By induction, 

\xinY w = x* x nY w ^xl_l* x \~{*}. 

Case 3: X^ n Y w . In this case, there is terminal object, namely wWi w , and 
|X^ n Y w \ ~ {*}• This completes the proof. □ 

3.2. New homotopy decompositions for groups with RGD. Theorem [1] will 
follow from Lemma and Lemma [3J (below) by pulling back appropriate homotopy 
colimits. 

Lemma 2. Let U + = V% be the positive "unipotent" subgroup of a group with RGD 
and Ws be the poset underlying the Davis complex (see \2.6\) . Then the canonical 
map 

(35) hocolimw s BU w , BU + 

induces a homotopy equivalence where wj is the longest word in wWj under the 
weak Bruhat order iltf). More generally, if the standard parabolic subgroup Pi has 
a Levi decomposition then 

hocolim^+ . Ws BU(u, w ) BUf 
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where Uf ■ Ws is the poset defined in Corollary & and each Ung tW \ is isomorphic to 
a subgroup of some U v . 

Proof: Let us first show the 7 = case. We calculate 

BU+ ~ EU+ x u+ {*} ~ EU+ x u+ hocolimsG/PJ 
~ hocolim s £t/ + X U+ G/Pj 
~ hocolim s ( ]J £J7 + U + wPj) 

wewWjGW/Wj 

~ hocolimw s ^^ + x c/+ U + wPJ 

(36) ~ hocolimw s ^('5'* a ^!7+{' li; -P7}) 

where the fourth equivalence requires the generalized Birkhoff decomposition (|18[) 
and the fifth uses the isomorphism of posets wPJ \-¥ wWj and Proposition|3]for X : 
S — > Sets defined via I >-} W/Wi. Alternatively, it is not overly difficult to check 
directly that the map uwPJ ^ (wWj ,uStabjj+{wPj}) is an isomorphism of the 
poset forms of the coset geometries associated to hoco\im-w s B(Stab u +{wPj}) an d 
hocolims BPJ , respectively. Note that Lemma[T]identifies the stabilizer Stabu+{wPj} 
as U WJ . This completes the 1 = 9 case. 

Whenever Pj has a Levi decomposition (f!?3"|) . Uf xUf = U + C Pf =Ufy\Gi 
so that 

g = ]j u+wpj = ]j u i u t wp j 

wGW/Wj wGW/Wj 

by the generalized Birkhoff decomposition (fT8|) . Thus, 
BUf ~ x u+ hocolims G/Pj 

~ hocolim ( j+ Wg B(S'ta6 ;7 +{uu'-P / ~}) 

as in (|36|). Here the map uuwPJ n> (wWj, uStab u +{uwP I ~}) is an isomorphism of 

the poset forms of the coset geometries associated to hocolim jy+ Ws B(Stab u + {uwP^}) 

and hocolims BPJ , respectively, for u G Uf and u 6 Uf . 

Let us characterize Stab u + {uwPJ} = Uf R uwPJw^ 1 ^" 1 . We see 

(37) = fi-^flnl/^p-. 

Thus Stab u + {uwPJ} = uU wP -u~ 1 R E/j . As J has finite type, each uU wP -u~ 1 = 

vJJ~ vT 1 = J/tu, by Lemma[TJ This completes the proof. □ 
Recall that Gi ((22|) has a root group data structure with Weyl group Wj. The 
positive "unipotent" subgroup of this root group data structure \s Uf . Applying 
Theorem [2] to (|35p gives the following. 

Corollary 4. Under the assumptions of Lemma [H the canonical map induced by 
inclusions of subgroups 

hocolim W £-Wj BU W -A- BUf 

is a homotopy equivalence where W/ is a poset under the weak Bruhat order lil(A ). 

We are now ready to prove our final lemma for Theorem [1] 

Lemma 3. The posets Uj ■ Ws and Uf ■ W 7 defined in Corollary [51 have con- 
tractible geometric realizations. 
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Proof: Recall the definition of w(I) as the longest v £ Wj such that v < w in W 
and note that (fT7|) implies U w PI t/j = f\eWj U V C\U W = U w (iy Thus, we have a 
commutative diagram of fibrations over BUf induced by inclusions of subgroups 



fit- 


W S |- 


U+-L 




fit 


• W| 


uf-Li 




fit' 


Wi\ 


U+-L 





fit ■ (W/) Sn .r| 



-4 hocolimws B(U WJ H E/j ) 



->■ hocolim w B(?7 10 fl E//) 



-> hocoliniw J S?7 u ,(/) 




4- hocolim (W/ ) snJ BC/„ 



>BE/+ 



with the vertical maps induced by the indicated functors of index categories as 
defined in 13.11 In particular, the vertical maps are weak equivalences by Theorem 
[H Corollary [3] and Proposition 01 The bottom fibration is simply the homotopy 
decomposition (|35l) of Lemma [2] for the (not necessarily compact) Levi factor Gi 
which carries a RGD structure with positive "unipotent" subgroup Ut ■ Thus, we 
have \Uf ■ Ws| — fit ' W| — \Uj ■ W/| ~ {*} which completes the proof. □ 
Proof of Theorem[T} By Lemma[5]and its proof all the statements of Theorem[TJ 
follow from Theorem[5]and Corollary[3]except the claim that \lff -~W\ is contractible 
which is shown Lemma [3] Note that the facts that U w are unipotent and Levi 
decompositions always in the Kac-Moody case are needed. □ 

3.3. Vanishing and simplification at q ^ p. Our main application of the results 
of 13.21 is the following corollary. 

Corollary 5. Let U^(F) be the positive "unipotent" factor of parabolic subgroup 
of a discrete Kac-Moody group over a field of characteristic p. Then for any other 
prime q distinct from p, H n (BUf (F) , ¥ q ) — for all n > 0. 

Proof: First consider F = ¥ p k for k fixed. Each U w (¥ p k) is a p group with 
pki(w) e i emen ts where l(w) is the reduced word length of w, c.f. (fTBj) . Thus, 
each BU w (¥ p k) is a F 9 -homology point. More generally, BU W {¥) is a F 9 -homology 
point since each U w {¥) has a normal series of length l(w) with quotient groups 
isomorphic to (F, +). By the homology spectral sequence for homotopy colimits 
[7], H n (BU + (¥ p k), ¥ q ) is the homology of the poset Ws underlying the homotopy 
decomposition (|35[) . Since the geometric realization of this poset is the contractible 
coset geometry of (13T1) . H n (BU + (¥),¥ q ) = for all n > 0, completing the proof 
in the case of I = 0. The same proof will work for all / since all U^_ w ^(¥) are 

unipotent and (F) • Ws| — {*} by Lemma [3l □ 
An proof independent of the rank two case of Corollary [5] appears in [5] . 
The remainder of this section collects applications of Corollary [5j including the 

proof of Theorem [3] 

Theorem 7. Let K (F) be a Kac-Moody group over a field of characteristic p with 
standard parabolic subgroups Pj(F) and G/(F) the reductive, Lie Levi component 



18 



J. D. FOLEY 



subgroups for all I € S. The canonical map induced by inclusions of subgroups 

(38) hocolim IeS BG I {¥) BK{¥) 
is a q-equivalence for any prime q distinct from p. 

Proof: In this proof all groups mentioned are over a fixed F. Consider the fibration 
sequence 

(39) BUi — > BPr — >BGi 

arising from the semidirect product decomposition Pj = G/ k Uj (l23l) . By Corollary 
[5j BUiiV) is a F g -homology point for all I E S. The Serre spectral sequence for the 
fibration (l39|) shows B(Pi Gi) induces a isomorphism on F g -homology. Note 
also that Gi — ^ Pi — Gi is the identity on Gi for l the inclusion. Therefore, 
the map of graded abelian groups H*(B(Gi Pi),¥ q ) must be the inverse of 
H*(B(Pi —> Gi),¥ q ) by naturality. Recalling (|32l) the natural maps induced by 
inclusion of subgroups 

hocolinir e si?Gj hocolim/ e s_BPf BK 

compose to yield the desired ^-equivalence. □ 
Proof of Theorem [3j In the case at hand, Theorem [7] implies 

(40) hocolim /e5 BG/(F p ) A BK(¥ p ) 

where F p is the algebraic closure of ¥ p . Referring back to the construction Friedlan- 
der and Mislin used to produce Theorem 1X1 the maps BGi(¥ p )^-BGi are induced 
by the zig-zag of groups 

(41) Gj(F p )<— Gz(Witt(F p ))— >G 7 (C)— >Gj 

where Witt(¥ p ) — > C is a fixed choice of embedding of the Witt vectors of F p 
into C and Gi(R) denotes the discrete algebraic group over R of the same type 
as the (topological) complex reductive Lie group G/. Moreover, the maps of (|4Tj) 
are natural with respect to the maps of group functors G/(— ) G,/(— ). Taking 
classifying spaces, we have compatible maps 

5G/(Fj,)<— BGi(W^tt(F p ))— kBG/(C)— kBGj 

which are all g-equivalences. Localizing at a prime q distinct from p, we obtain 

q 

compatible BGi(F p )^ —> BGi*. Compatible BGi(¥ p )^BGi are then produced 
via an arithmetic fibre square and induce a g-equivalence 

(42) hocolim /eS SG/(Fp) 4 hocolini /eS BG/ . 
Thus, equations ([2]), ([521). O and (gU) induce 

BK(¥ p ) £- hocolim Je s-BPr(F p ) ^ hocolim Je s-BG z (F p ) 

q 

—> hocolim/ e 5_BG/ BK. 



Choosing a fixed homotopy inverse for the arrow pointing to the left, we obtain the 
desired map. □ 
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3.4. Unstable Adams operations for Kac-Moody groups. For q ^ p, we will 
construct a local unstable Adams operation ip k : BK^^BK^ compatible with the 
Frobenius map. When W has no element of order p, we can assemble the local 
Adams maps via the arithmetic fibre square to obtain a global unstable Adams 
operation ip k ■ BK-^BK. 

Proof of Theorem |4| Let us first construct ip k : BK^—^BK^ for q ^ p by 
noting that, localizing of the map Q constructed in Theorem[3]we have homotopy 
equivalences 

(hocolimi eS BG>(Fp)£)£ (hocolim /eS 5G/£)£ ^ BK^ 

with the left equivalence induced by Theorem [21 As in the proof of Theorem [3j we 
have compatible BG[{¥ p )^ ^ BGi^ induced by the zig-zag of groups 

G/(f p )<— Gi(Witt(F p ))— >G 7 (C)— >Gj 

where Witt(¥ p ) — > C is a fixed embedding of the Witt vectors of F p into C and 
Gi(R) denotes the discrete algebraic group over R of the same type as the (topo- 
logical) complex reductive Lie group G/. From the naturality of the group functors, 
we have explicit topological models so that 



B(i 



B(i) 



SG J (F p f-^ ) SG J (F p ) 

commutes for all / C J in S. Localizing, we have a map of diagrams and ip k :— 
{<p k )^ extends to hocolim /GS SG/(F p )^ ~ BK%. 

When W has no elements of order p, we will work one prime at a time and 
assemble the maps using an arithmetic fibre square. We have already constructed 
ip k : BKq^t-BKq for q ^ p. At p, we have a homotopy equivalence 

BNp BK; 

where N is the normalizer of the maximal torus and this map is induced by the 
inclusion of groups [33]. Kumar [36l 6.1.8] presents N as being generated by T 
and {si, . . . s n } so that under the projection ir : N — > W Sj maps to a standard 
generator of W. Thus, we can attempt to define 9 : N — >■ N in terms of these 
generators and need only check that Kumar's relations are satisfied to obtain a 
group homeomorphism. To get an unstable Adams operation we choose t i-> t p 
and Si i— > Si. Note that here p is odd and this is needed to verify Kumar's relations. 

Because BK is a simply connected GPF-complex 34 , it is given as a homotopy 
pullback 

(43) BK^BK^h\{BK^ 



(-) 



Q 



n(- 



(-) 



Q 



BK& q ->T\(BK^ 

known as the arithmetic fibre square where (— )g an d (— )q denote localization with 
respect to Z and Q homology, respectively [T5]. Now, by ^ we have homotopy 
equivalence 

(44) BKq ~ (hocolim J6S BGz$)£ ~ (hocolim JeS [| K ( 2m 



20 J. D. FOLEY 

where the mi vary for different BGi and K(n, Q) denotes the n th Eilenberg- 
MacLane space [18]. The homomorphism t n> t p of S 1 induces compatible self 
maps of the K(2rrii, Q) ~ B 2mi ~ 1 (S 1 )q appearing in ((31]). We may now define the 
desired map with (|4"3"]). □ 

Remark 3. In general, twisted Adams operations beyond those constructed here 
and coming from Aut(S) are expected. See [3] for rank two examples. 

Now, that we have ip k '■ BK q ^rBK q let us note that when comparing (BK q ) h ^ k 
and BK(¥ p k) q there is a natural map 

(45) BK(W pk )^ ~ (hocolim IeS BG I (¥ pk )^ — ► (BK^" 

arising from the diagram D : Z x S — > Spaces via (•, Wi) i-> BGi q on objects and 
(n,VK/ e — > VFj) i — ^ (ij k y i B(Gi =— > Gj) = £(G/ Gj)(?/> fc )" on morphisms. In 
particular, (l4"5]l is the localization of the canonical 

(46) hocolims(holimzi3G/(Fpfc)^) — !► holimz(hocolims-BG/(F p fc)^). 

Generally, we do not expect homotopy limits and colimits to commute. Our calcu- 
lations in the next section that show that they very rarely do in rank two examples. 

Question 1. What is the structure of the homotopy fibre of J^6] j ? 



4. COHOMOLOGY CALCULATIONS 

Theorem [7] allows us to study BK(¥ p k), the classifying spaces of a discrete 
Kac-Moody group over a finite field, in terms of finite reductive algebraic group 
classifying spaces, BGi(¥ p k) for / € S, after localizing at a prime q distinct from p. 
Furthermore, Theorem lAl reduces study of BGi(¥ p k) to understanding homotopy 
fixed points (BGi q ) h ^ k under stable Adams operations, ipj. Thus, in principle, 
only the cohomology of compact Lie group classifying spaces is need as input data 
to compute H* (BK(¥ p k), ¥ q ). In this section, we will begin such calculations and 

compare the results with H*((BK q ) h ^ , ¥ q ) for rank two, infinite dimensional Kac- 
Moody groups. We close with explicit calculations of H*(BU + (¥ p ,¥ p ) in specific 
cases where W ^ (Z/2Z)*". 

4.1. Restriction to Rank 2. To compare (BK*) h ^ k and BK(¥ pk )^, we will 
partially compute their Fg-cohomology rings. These computations will become 
more tractable by restricting to rank 2 Kac-Moody groups and q odd. Notably 
H* (BK,¥ q ) and its i/> fc -action can be determined explicitly. In the rank 2, non- 
Lie, case BK(¥ p k)q ~ hocolim/gs (-BG/^ ) h ^ k is simply a homotopy pushout. To 
compute cohomology, we turn to the Mayer- Vietoris sequence. We will also restrict 
to q odd, so that for I G S 

(47) H*{BGi,¥ q ) H*(BT,¥ q ) w ' 

with the restriction map from H* (BGi ,¥ q ) to H* (BT,¥ q ) inducing this isomor- 
phism [Hj. The determination of H*((BG^) h ^ k , ¥ q ) for I e S will occur inl4~2l 
this subsection will investigate H*{{BK^) h ^ k ,¥ g ). 
In the rank 2 case, we have [51155] 



(48) 



H*(BK, ¥ q ) = ¥ q [x 4 , x 2 i] <8> A{x 2 i+i) 
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Table 1. The F g -algebra structure for E%'* converging to 
H*{{BK$) h ** ,¥ q ) with bidegrees \x t \ = (-1,» + 1), | 7n (s 4 )| = 
(—n, (i + and |sj| = (0, i). 





p 2k = \{mod q) 


p 2fc ^ l(mod g) 


p kl = l(mod q) 


A(x 3 ,x 2 i-i) ® r(ar 2 ;) ® 
¥ q [s 4 ,s 2 i] ® A(s 2 ;+i) 


A(x 2 ;_i) ®r(x 2 ;) ® 
F 9 [s a ] ® A(s 2;+ i) 


p kl ^ l(mod q) 


A(x 3 ) ®F g [s 4 ] 


F 



as a ring where A denotes an exterior algebra and I :— I ({a, b}, q) > 2 is a positive 
integer depending on q and the generalized Cartan matrix for K, i.e. some non- 
singular 2x2 matrix given by 

(49) 

for a and b positive integers such that ab > 4. An explicit description of I is given 
in [33]. Work in [3] will determine the map tp k induces on Fq-cohomology. 

Proposition 5. For K a rank 2, infinite dimensional complex Kac-Moody group 
andq odd, ip k acts on H*(BK,¥ q ) R3U via (x^x 2 i,x 2 i+i) ^ {p 2k X4,p lk x 2 i,p lk x 2 i+i) . 



Proof: Because H* (BGi ,¥ q ) is concentrated in even degrees for Ig S, the Mayer- 
Vietoris sequence associated to the homotopy pushout presentation of BK ([2]) re- 
duces to an exact sequence 

-> H 2 *{BK,¥ q ) -> H*(BG 1) ¥ q )®H*(BG 2 ,¥ q ) ^ H*(BT,¥ q ) 

(50) -> H 2 * +1 (BK,¥ q ) -)• 

where if 2 * (Bif,F g ) - H*(BG U ¥ q )nH*(BG 2 , V q ) = F 9 [x 4 , x 2Z ] and # 2 * +1 (BJf, I,) 
(x 2 i+i)H 2 * (BK,¥ q ) for x 2 ; + i the image of a homogeneous degree 2^ class under 
the connecting homomorphism [3J. The k th unstable Adams operation ip k acts on 
H*(BT, ¥ q ) via multiplication by p k on generators, and commutes with the restric- 
tion g7]) H*{BGi,¥ q ) H*(BT,¥ q ) 03J. □ 
We are presently unable to fully compute H* ((BK^) h ^ , F q ) for all rank 2 Kac- 
Moody groups. However, there is sufficient information at in the Eilenberg- 
Moore spectral sequence associated to H* ((BK q ) h ^ ,¥ q ) to determine that in most 
rank 2 cases H* (BK(¥ pk ),¥ q ) ^ H* {(BK^) h ^" ,¥ q ), in contrast to the Lie case. 

Theorem 8. Consider the Eilenberg- Moore spectral sequence (EMSS) for the ho- 
motopy pullback of the diagram 

(51) BK* 

A 

BK?^{BK x M)J 

converging to H* ((BK^) h ^ ,¥ q ) where ip k is the k th unstable Adams operation. 
For q odd, E 2 ' , as a ¥ q -algebra, is given in Table[]\ 

Proof: The E^-page for the cohomological EMSS for (I5T1) is given by 

(52) Tor*^ (BK ^ H , (BK¥q) {H*{BK,¥ q ),H*{BK,¥ q )) 
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Table 2. E* 2 * converging to H*((BK q ) h ^' k ,¥ q ) in terms of Tor*-* 
where z$ = yi — x j for j/i and aij . 



(mod (7) 




p*' = 1 and p 2k = 1 


T ° r F;k,^]®A( Z 2 i + i)( F 9[ S 4^2/]«'A( S2i+1 ),F g ) 


p fe( ^ 1 and p 2fc = 1 


r ^ Z2(l8A(z2|+i) (F ? [ S2i ]®A( S2i+1 ),F g ) 


p kl = 1 and p 2k ^ 1 




p fc( ^ 1 and p 2k ^ 1 


Tor;;* (F„F 9 ) 



Here left copy of H* (BK, ¥ q ) a H * (BK, ¥ g ) <g> H* (BK, F g )-module vialx^oA 
which is given by the ring homomorphism (j/ 4 , y 2h y 2 i + \) *->■ (p 2k s 4 , p lk s 2 i, p lk s 2l+ i) 
and a;, h-> i; on generators by Proposition^ Of course, the H*(BK, ¥ q )<S>H* (BK, ¥ q )- 
module structure on the right H*(BK,¥ q ) is given by yi,Xi 1— > tj. 
To simplify E^'* we wm employ a change of ring isomorphism. 

Proposition A ([38] p. 280). Let A, B, and C be k-algebras over a field k. Then, 

(53) Tor n A (M, N) = Tor^ (N, L) = 
for all n > implies 

(54) Tor n mB (M, N ® c L) = Tor n mc (M® A N,L) 

where M, N and L have the appropriate module structures so that \5J$ is well 
defined. 

Let us use this change of ring isomorphisms with 
(A,B,C) = (¥ q [x4,x 2 i} ® A(x 2 ; + i),F g [j/ 4 - x 4 ,y 2 i -x 2 i] ® A(y 2i+1 -x 2i+ i),¥ q ), 
(M,N,L) = (F,[fl4,«ai]®A(«ai + i),F g [t 4s tai]®A(taj+i s F,). 
This gives 

(55) E* 2 * = Tar^ 4iZ2i]0A(z2!+i) (F g [ S4lS2i ] ® A( S2m ),F ? ) 

where z, = yi-Xi acts via (24, z 2 i, z 2 i-i) h-s- ((p 2k -l)s 4 , (p lk -l)s 2 i, (p lk ~l)s 2[+1 ). 
We may employ Proposition lAl further if p 2k — 1 or p lk — 1 is nonzero modulo q. In 
this way, we obtain Table [2] 

For example, the p kl = l(mod q) and p 2k ^ l(mod q) case is obtained via the 
choices 

(A,B,C,M,N,L) = (¥ q ,¥ q [z 2l ] ® A{z 2l+1 ),¥ q [z 4 },¥ q [s 2l ] ® A(s 2l+1 ),¥ q [s 4 ],¥ q ) 

and the other entries are obtained similarly. In Table [21 all the modules are trivial 
over their respective F 9 -algebras. 

For q odd, all the F 9 -algebras in Table [5] are finitely generated free graded com- 
mutative. Let ¥ q (X) denote a free graded commutative algebra on the graded set 
X. 

We follow [Ml P- 258-260] to compute E 2 *. If one resolves the trivial ¥ q (X)- 
module F g using the Koszul complex £l(X), then 

(56) Tor* ¥ * (x) (L,¥ q ) = H(Sl(X) ® L,d L ) 

where L is any F 9 (X)-module. In particular, tt(X) is A(s~ 1 X even ) ® r( S - 1 X odd ) 
where T denotes the divided power algebra. Here s" 1 ! 6 ™ is a set of odd degree 
generators obtained from the even degree elements of X by decreasing the their 
degree by one and s~ 1 X odd is defined analogously. In all the cases at hand, L is a 
trivial F g (X)-module which implies dh is zero. Thus, E 2 * is given by fl(X) <g) L 
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Table 3. H*((BGx q ) h ^ h ,¥ q ) = ^{{BG^f^ ,¥ q ) for rank 2 
Kac-Moody groups of infinite type and q odd. 





H*{{BG lq ]) h ^,W q ) = H*{{BG 2 ^\¥ q ) 


p k = \{mod q) 


A(Z!,Z 3 ) ®F q {s2,S 4 } 


p k = —l(mod q) 


A(z 3 ) ®F g [s 4 ] 


p k ±l(mod q) 





Table 4. E%'* collapsing to H*((BG lq )^*,F g ) ^ 

H*{{BG 2 q) h ^ h ,^ q ) for ^ = acj - ^ the difference of the 

generators for two copies of H*((BGi q ) h ^ k ,¥ q ) S 
H*((BG 2 ^ k ,¥ q ). 





E 2* 


p k = \(mod q) 


T0r ¥*[z 2 ,z,]( ¥ li S ^ S ^^ ¥ l) 


p k = —l(mod q) 


Tor* ¥ * Z4] (¥ q [s 4 },¥ q ) 


p k ^ ±l(mod q) 


Tor; : *(¥ q ,¥ q ) 



(see Table [I| . As the EMSS is a spectral sequence of F g -algebras [35] , we have 
computed E^'* as an algebra. □ 
Note that from Table Q] the EMSS computing H*((BK^) h ^ k ,¥ q ) collapses at 
E°2* if p kl 7^ l(mod q) for degree reasons. However, if p kl = l(mod q), d r ('y r (x 2 i)) 
is potentially nonzero. 

4.2. Levi component calculations and a proof Theorem [5j Note that for 
odd q and I = {i} 

H*(BGi,¥ g )S£H*(BT,¥ q y* = ¥ q \p 2 (x,y),p 4 (x,y)} = ¥ q [s 2 ,s 4 ] 

with r$ generating Wi and pj(x,y) homogenous polynomials of degree j in the 
degree 2 generators of H*(BT,¥ q ), i.e. p 2 (x,y) is linear in a; and y. The action 
of - 0' c is given by a simple scalar multiplication on generators and we can compute 
ff*((SG 7g A )^ fc ,F 9 ) for I e S = {0,{1},{2}}. 

Theorem 9. The Eilenberg- Moore spectral sequence (EMSS) for the homotopy pull- 
back computes H* ((BGi q ) h ^ ,¥ q ) where ip k is the k th unstable Adams operation. 

For q odd, we may compute H*((BGi^) h ^ k ,¥ q ) for I E S = |0,{1},{2}} and, up 
to isomorphism, it is given in Table [3] and 

H*{{BT q ) h ^ k , ¥ q ) = A(zi,z' 1 ) ® ¥ q [s2, s' 2 ] p k = 1 (mod q) and 

(57) ¥ q «=> p k ^ l(mod q) . 



Proof: Let us first compute H* ((BGx^" ,¥ q ) S H* {(BG^f^ ,¥ q ). If we 
employ the techniques in the proof of Theorem [8j we obtain Table |4] in which all 
F g (A)-modules are trivial. Kozsul resolutions give Tabled but here the spectral 
sequence collapses at f° r degree reasons. Equation ([57]) is obtained similarly. 

□ 
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Proof Theorem [5] Let us set notation for the Mayer- Vietoris sequence for com- 
puting H*{hocolim s (BG^) h ^ ,¥ q ) 

... V ff»(hocolim s (BGi£)^F g ) P A H n ((BG^) h ^ , ¥ q ) © H n {{BG 2 ^" , ¥ q 

(58) ^ H n {{BT^\w q ) % ••• . 

We will proceed by cases. 

Case 1: p k ^ l(mod q). Here the vanishing of H*((BT A ) h ^ k ,¥ q ) gives the 
second and third rows of Table[5jby QSTMb- If P k ^ ±l(mod q), then the theorem 
clearly holds. If instead p k = — l(mod q), then comparing Tables [1] and [5] in degrees 

3 and 5 gives H* ((BK*)**" ,¥ q ) ^ ^(hocolim/es^G/^)^ 1 ¥ q ). 

Case 2: p = l(mod q). In this case, H*((BG^) h ^\¥ q ) is isomorphic to the 
F g -cohomology of free loops on BGi all for J £ S [52] . Furthermore, we know 
A from the Mayer- Vietoris sequence (155)) almost completely by loc. cit. A careful 
count of dimensions will show ^(hocolim/estSGj)' 1 ^);^) ^ H il ((BK^) h ^" ,¥ q ). 
Let | • | denote the rank of a vector space for this purpose. 

On E* 2 * of the EMSS for H*{{BK A ) h ^ ,¥ q ) total degree Al has rank 6 for I 
odd and rank 8 for I even. Because this is a spectral sequence of algebras, d r 
of all these generators vanish since they are products of permanent cocycles for 

( 1 2 

degree reasons noting that q ^ 2 implies 72(2:2;) = 2 • Indeed, they are all 
permanent cocycles as they are not the target of any differential for degree reasons 
and we recover \H il {{BK^) h ^\¥ q )\. 

Considering (|57|) and Table [3J we see that 

\ H u-\(BT A q ) h ^ ,¥ q ))\ = 2 • \(BGi A ") h ^ k ,¥ q )\ = Al 

for i G {1, 2}. It follows that 

|ff 4 '(hocolim j£S (SG4)^,F g )| = |fcer(A 4/ _i)| + \ker(A 4l )\ 

by elementary homological methods. By [3J|32], there are isomorphisms of graded 
abelian groups 

fcer(A) £ H*((BT q A ) hlpk ,¥ q ) w £ ¥ q [ S4 ,s 2l ] ® A(x 3 ,x 2 i-i) 

where W is the infinite dihedral Weyl group of K which acts on H*((BT q ) , F g ) = 
A(xi,x[) <g> F g [s2,s 2 ]. Here we extend the standard action on H* (BT,¥ q ) = 
F g [s2,s 2 ] via the identiheation dsi = xi so that d commutes with the action and 
satisfies the Leibnitz rule. In the terminology of [32], (BT q ) h ^ is a twisted loop 
space with associated derivation d and d commutes with restriction. Considering 

F g [s4, S2i]<S)A(x3, x 2 i-i) in degree Al and Al—1 gives that H il (hocolim/es {BGi ) ^ )£ , ¥ q 
has rank 5 for I odd and rank 6 for I even. Hence p k = 1 (mod q) implies H*((BK q ) h ^ , F 

and H* (hocolimj e s(BGi q ) h ^ ,¥ q ) are distinct (and nontrivial) for odd q. □ 
Table [5j summarizes our deductions about the structure of 

ir(hocolim s (BGi£)^,F g ) £ H*(BK(¥ ph ),¥ q ) 

within the proof of Theorem [5] The methods of [3J, where (|50p is used to compute 
H*(BK,¥ q ), and a good understanding of the derivation associated to a twisted 
loop space should in principle allow further computation in the p k — l(mod q) case. 
We preform no such calculations here but note that [5J Theorem 8.3] computes 
H*(BK(¥ p k),¥ q ) in many of these interesting cases. 
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Table 5. i/*(hocolim s (.BG/£)' l ^,F 9 ) for rank 2 Kac-Moody 
groups of infinite type. 





H* (hocolims [BGiW+l , ¥ q ) 


p k = l(mod q) 


H* (hocolims LBGi,¥ q ) 


p k — —\{mod q) 


A(z 3 ) <S)¥ q [s 4 } ® A(z' 3 ) <Z>¥ q [s' 4 } 


p k =/= ±l(mod q) 


¥ 



4.3. Examples of H*(BU + (¥ p k),¥ p ). In this section, we preform some prelimi- 
nary calculations for the group cohomology of U + (¥ p k ) at p using our new homotopy 
decomposition ([3]) and briefly discuss considerations in the general case. In our ex- 
amples, we will see that H*(BU + (¥ p k),¥ p ) is infinitely generated as a ring. Along 
the way, we give explicit descriptions of the groups U + (R) underlying our coho- 
mology calculations. Unless otherwise stated, when we refer to Kac-Moody groups 
in this subsection we mean some image of Tits's |46] explicit (discrete, minimal, 
split) Kac-Moody group functor K(—) : Rings — > Groups from the category of 
commutative rings with unit to the category of groups. Likewise, U + (R) will be 
Tits's subgroup generated by the positive (real) root groups (fl4| . When R is clear 
from context, we will simply write K or U + . 

Our simplest (and most explicit) calculations will be for U 2 '■= U 2 (R) < K?,{R) 
the positive "unipotent" subgroup of the infinite dimensional Kac-Moody group 
K2{R) with generalized Cartan matrix 



where a, b > 2. In this case the relevant diagram of unipotent subgroups of U 2 (R) 
indexed over W is 

(60) . . . Utst < U st < U t < e ► U, ► U st ► U sts ■ . . 

as here W is the infinite dihedral group. When a = b = 2 and R is a field, we have 
an affine Kac-Moody group K 2 {R) = GL 2 {R[t,t~ 1 ]) and U 2 is known explicitly 
(c.f. [45]). We will identify U W (R) directly from the presentation of Tits [46] and 
recover U^iR) from the colimit presentation induced by ([3]). In fact, for any Kac- 
Moody group with generalized Cartan matrix A — (dij)i<ij<k such that |ay| > 2 
for all 1 < i,j < k the finite dimensional unipotent subgroups U W (R) have a very 
simple form. 

Lemma 4. Let K(R) be the discrete Kac-Moody group over R with generalized 
Cartan matrix A = (a,ij)i<i t j<k such that |ay| > 2 for all 1 < i,j < k. Then, for 
U W (R) < K(R) defined by hi 5)) we have 

iUi?)-(i?,+) ei M 

such that the image of U W (R) ^ U WS (R) for l(w) + 1 = l(ws) is the first l(w) 
factors. 

Proof: Recall that n $~ = 8^, := {a^, ai 3 , . . . , ws^a^} and that the 

multiplication map 

is an isomorphism of sets (TT6|) . It is immediate from the presentation of Tits [46] 
that for a, (3 £ {Na+N/3}n$+ = {a, (3} implies (U a , Up) =U a x Up. Moreover, 
the W of action on $ guarantees that {Na -I- N(3} n $ + C 9^ whenever a, j3 € 6^,. 
Direct computation in the hypothesized cases of the action of W on the simple 



26 



J. D. FOLEY 



roots (|13[) shows that each of the positive coefficients of ws^ expressed in terms 
of the simple roots is maximal and one coefficient is strictly largest within W . 
In particular, if a € Q w is distinct from ws^a^ then U a and U WSi ai commute 
because the coefficients demand that if m,\u + m 2 wsi l ai l £ Q w , then (mi, ma) is 
(0, 1) or (mi,0). However, una £ <f >+ => mi = 1 [55] . 
Since w, u £ C/^ implies 

uv = (uiu 2 ■ ■ ■ Ul-ljUl{viV 2 ■ . . Vl-\)V\ = (uiu 2 ■ ■ ■ Ul_l)(viV 2 ■ . . Vl-l)uiV t 

for Uj,Vj £ U Sil ...st. jOj, we have t/^, = U W s i[ x C^y for 7 = ws^a^ . The lemma 
follows by induction on l(w) and the fact that all root subgroups are isomorphic to 
(R,+). ' ' □ 

Returning to U 2 (R) and considering the right telescope of (I6TJ1) . we obtain a 
projective limit of graded abelian groups upon taking group cohomology 

(61) H*(e,F p )« H*(U a ,Wj,)4t H*(U st ,F p )« H*(U sts ,¥ p ) . . . 

which is a sequence of surjections by the Kunneth theorem. In particular, 

(62) lim 1 i/*(C/ w (i?),F p ) = 

and the cohomology spectral sequence of the mapping telescope of classifying spaces 
[55] collapses at E^'*. 

There is some subtly in defining the positive "unipotent" subgroup of a Kac- 
Moody group over an arbitrary ring (c.f. Remark 3.10 (d) in [46]) so we will state 
the rest of our results in this section only over fields. 

Theorem 10. Let U 2 :— U^iL) < K 2 (L) be the positive "unipotent" subgroup of 
the Kac-Moody group K 2 (L) over a field L with generalized Cartan matrix given by 
i59\) . Then we may compute the group cohomology of U 2 (L) as 

H*(BU 2 (L),W) = (g)H*(L,F)®<g)H*(L,F) 

Z>0 Z>0 

where L is considered as an abelian group and ¥ is a field. 

Proof: As lim^op H*(U W (L),F) = in this case ([62)) . the spectral sequence of the 
homotopy colimit of classifying spaces collapses at E^* and computes H* (BU + (L),F) 
as the projective limit of graded abelian groups limw°p H* (U W (L),F). Working 
one telescope at a time, we see the limit of graded abelian groups (|6ip is just 
limz>o H*((L) n , F) by Lemma[H This limit is computed in each gradation so that, 
unlike the limit of underlying abelian groups, only finite tensor words are possible 
in each gradation. The left telescope is computed in the same way. As the double 
telescope is the one point union of the left and right telescopes, H* (BU 2 (L),¥) is 
simply the direct sum of their F-cohomologies. □ 
For the case of interest, H*(BU + (F p k),F p ), cohomology classes are represented 
by finite tensor words in the generators of H*(F p k,F p ). For instance, for k = 1 we 
have 

H*((Z/pZ) n ,¥ p ) = { Fa fa.-- ■>«»»] P = 2 

u Iy 1 ' p> \ k\x u ...,Xn]®F p [ yi ,...,y n ] podd 

where \xi\ = 1 and \yt\ = 2. Applying the double telescope construction 

H*(BU+ (Z/2Z),F 2 ) = (UmF 2 [a;i,...,a; n ]) e2 

= ¥ 2 [xi, , .. .,x n , . ..] ® ¥ 2 [x~i, . . . ,x n , . . .}. 
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For p odd 



H*(BU + (Z/pZ),¥ p ) = (UmA[xi,.. 

A [a^i , . . . , x Tl 
© A[xi,...,x r , 



,x n ] ®F p [?/i,...,y n ]) e 



; Un i ■ 
■ 5 Vni • 



Lemma [T] lets us determine the group structure of more general U + (R) which 
have an interesting presentation. Briefly, when Lemma [T] applies we have 

U + (R) = colim weW R l{w) 

where all maps are inclusions R l(v) ^ R l{w) with image the first l(v) factors. This 
leads to the presentation 

U + (R) = (UaluaUpu^Up 1 = 1, if 3w with w{a : (3} C $~) 

where w G W, u 7 is an arbitrary element of U 1 and 7 G $ + . Pictorially, there 
is a generating U a = (R, +) for each node in Hasse diagram of the poset W, i.e. 
the directed graph with vertices and edges (W,{(w,ws)\l(w) + 1 = l(ws)}) (e.g. 
see Figure [JJ. Generating groups U a and Up commute exactly when there is a 
(unique) path between them in this directed graph. If there is no path between the 
corresponding nodes, U a * Up embeds into U + . 

For example, if K(R) has rank 3 with generalized Cartan matrix such as 



(63) 



2 -2 
-2 2 

-2 -4 



then the poset W is generated by the directed valence-3 tree pictured in Figure [TJ 
Two elements commute exactly when they are both contained in some U W (R). 

Starting with the homotopy decomposition (|3J) of Theorem [TJ it is straight for- 
ward to apply Theorem [5] and Theorem [D] to observe 

colhUuigw-R — colimmgNCcolimwTO-R ) 

for N the linearly ordered poset and W m is the full subposet of W of elements of 
length at most m since W is a tree. Set Uw m := co\imw rn U w . By Corollary [2] we 
have a commutative diagram 



hocolim L - 1 ( Wm } U Wm /R l( - Wl 



hocohm Wm t r w m /i?' W 



-¥ hocolim £ -i( Wm )_B(i?' 



-> hocolimw m -B(i? 




>BU Wrl 



whose vertical maps are weak equivalences. Since hocolim£-i(w m )^w m /-R can 
be modeled by a 1-dimensional CW-complex and is simply connected by Corollary 
[TJ it must be contractible so that 

(64) B(coMmw m R^ w) ) ~ (hocolimw m -B(-R Kw) ))- 
Thus, we have homotopy equivalences 

BU + {R) ~ hocolim„, eW -B(i? /(, " ) ) 

~ hocolim N (hocolim Wm B(i? i(,u) )) 

(65) ~ hocolim N B(colim Wm i? ZW ) 

induced by the obvious maps. Homology and cohomology calculations for 
£(colim WmJ R ZW ) - (hocolim Wm -B(i? i(u,) )) can be preformed by iterated Mayer- 
Vietoris calculations. For instance, for K with the generalized Cartan matrix ([53"]) 
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SlS2Sl S 2 SiS 2 




S2S1S3 SiS 2 S 3 



Figure 1. A picture of the graph underlying the poset W = 
(si, S2, s^lsf = 1) and the weak Bruhat order with elements of 
length at most 3 labeled. 

considered above we have 

colim Wm i?' w = [R m fjjm-1 R m *j*»-a R m ... R m R m 
(66) * k R m * R 2R m * R3 R m ...R m * Rm -xR m }* 3 

and each R l of the amalgamated products denotes the first i factors. For example, 
this implies 

H*(colim w ,(Z/2Z) , ( , "),F2) = (F 2 [a;, x , x x , x 0Q , x ou Ho, Hi]//)® 3 
when m = 3 where 

I = (xqX!, X {Xxo, Xu}, Xi{x 00 , Xox}, X o{a;io, Xxo,Xix}, X l{x 10 , Xu}, X W Xu) 

as nonidentity nodes in the directed graph underlying W 3 (and pictured in Figure 
[1} contribute generators and the multiplicative structure is determined by whether 
the corresponding root groups commute or generate a free product. The three 
direct summands correspond to the each of the three main branches of the tree 
underlying W3. For instance, on the s 2 branch nodes correspond to generators via 
s 2 <-» x, sis 2 «-> x , S3S2 <-> xi, s 2 sis 2 o xqo, S3S1S2 -H- xqi, S1S3S2 o x w , and 
S2S3S2 O a;n. The other branches have a similar correspondence. This cohomology 
may be obtained inductively from the expression of colimw 3 -R Z '' u ''' given in (1661) . 
More generally, this process gives in the following result. 

Theorem 11. Let K(L) be a discrete Kac- Moody over a field L with generalized 
Cartan matrix A = (c% )i<ij< ?1 such that > 2 for all 1 < i, j < n with positive 
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"unipotent" subgroup U + (L). Then the cohomology of BU+(L) with coefficients in 
any field ¥ is given as 

H*(BU + (L),¥) = lim H* (hocolim Wm B(L l{w) ),¥) 

= ® W - {e} H*(L,W)/I 

where the ideal I is generated by all products of pairs of elements in different copies 
of H*(L,¥) corresponding to nonidentity nodes in the directed graph underlying the 
poset W that are disconnected. 

For the rank 3 example discussed above (JHSJ), if*(-Bt/ + (F 2 ), F 2 ) is the F 2 -algebra 
generated by the nodes (except the root) of an infinitely extended Figure [T] with 
relations xy = for generators x and y whose nodes are not connected. 

All the examples described here concern Kac-Moody groups with Weyl groups 
whose Hasse diagrams are trees so that (I64j|66[) is available to clarify inductive 
arguments and diagrams over W m can be seen as iterated pushouts. Because 
the cohomology spectral sequence calculation is trivialized for limits satisfying the 
Mittag-Leffler condition, we pose the following question. 

Question 2. Let K = K(¥ p k) be a discrete minimal Kac-Moody group over ¥ p k 
with unipotent p-subgroups U w (¥ p k) defined by \15)) . When does the diagram of 
group cohomologies Dk '■ W — > Groups — > Graded Abelian Groups given by 
w M> U w (¥ p k) i — y H*(U w (¥ p k),¥ p ) satisfy the Mittag-Leffler condition? 

In the tree shaped cases not covered here, a positive answer to this question would 
permit cohomology calculations as outlined in this section. Obviously, Lemma H] 
greatly simplifies our calculations. For example, for an infinite dimensional Kac- 
Moody group with generalized Cartan matrix 

"2 -a' 

-1 2 

for a > 4, it is a priori possible that the 3-dimensional unipotent group U s t s is a 
Heisenberg group (see [5] for details on $ + in this case). 
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